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Galerkin Approximations of Abstract
Parabolic Boundary Value Problems
With Rough Boundary Data—L , Theory *

By 1. Lasiecka

Abstract. Galerkin approximations of an abstract parabolic boundary value problem with
**rough” boundary data are considered. The optimal rates of convergence in L,[07; L,(£2)]
norms for L,[07; L,(T)] boundary terms are derived.

1. Introduction. Let © be an open, bounded domain in R” with smooth boundary
I'. As a motivation for the present paper, let us consider the following two canonical
examples of parabolic problems with “rough” boundary data:

y(t)=Ay inQ=Qx[0,T],
(1.1.D) y(0) =0,
yir=u€ Lp[OT; L,(T)]

and
yt(t)=(A_1) in Q,
(1.1.N) »(0) =0,
g—:; =u€Lp[OT;H'1(F)], 1<p< .
r

Our interest is a study of the rates of convergence of Galerkin approximations to
(1.1.D), (1.1.N) in the L,(0T; L,(f))-norms, with boundary data either in
L,(0T; L,(T')) (Dirichlet case) or else in L,(0T; H “}(T")) (Neumann case).

A standard technique of treating nonhomogeneous boundary conditions consists
in subtracting the effect of the boundary term and then considering the correspond-
ing nonhomogeneous equation with homogeneous boundary conditions (see [5]).
Application of these techniques requires, however, a certain smoothness of the
boundary function (at least H'/%(T') for the Dirichlet case). This requirement is
needed to carry over standard variational arguments based on H!-coercivity of the
bilinear form associated with the differential operator A. Thus, our assumption that
u is only in L,(0T; L,(T)) (resp. L,(0T; H “I(T))) in the Dirichlet case (resp.
Neumann case) is the distinctive feature of this work.
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56 I. LASIECKA

We shall construct a Galerkin approximation of (1.1.D) and (1.1.N) which will
yield the optimal rates of convergence equal to O(/h) measured in the
L,(0T; L,(R))-topology for 1 < p < oo, with L,[0T; L,(T')]-boundary terms in
(1.1.D) (resp. L,(0T; H -1(T"))-boundary terms in (1.1.N)). In the limit case, when
p =1 or p = oo, the corresponding optimal rates of convergence are proved to be
OWh Inh).

The approach taken in this paper is based on semigroup theory combined with the
theory of singular integrals.

We shall first consider a general abstract model of the form:

(12) [ 7(1)= —ay(6) + 4%Bu();**  0< Q< lon(D(4%),
y(0) =0,

where -4 is the generator of an analytic semigroup S(#) on a Hilbert space H and B
is a bounded operator from another Hilbert space U into H. D(A*)’ stands for the
dual space to D(4*) with respect to L,(Q), equipped with the graph topology.

Model (1.2) is suitable to treat nonhomogeneous boundary problems with “rough”
boundary data, and in particular it covers as a special case the two canonical
examples given by (1.1.D) and (1.1.N), as illustrated below.

Dirichlet Case. Here, in order to represent (1.1.D) in the form (1.2), we introduce
the operator 4: L,(22) = L,(£2) defined by

(1.3) -Ay = Ay, y € 2(A4) = H(Q) n H>(Q).

It is well known that —4 generates an analytic semigroup S(¢) on L,(Q). Next, let
us define the “Dirichlet” map D: L,(I') = L,() to be just a harmonic extension of
the boundary data g, i.e., Dg = v if and only if

(1.4) Av=0 onQ, v|r=g onTl.

An abstract version of problem (1.1.D) is given by the following semigroup formula
(see, e.g., [2], [11])

(1.5) y(1) = Aft S(t — z)Du(z)dz on L,(2).
0
Knowing that D € £(L,(T') > HY*(Q)) [15] and that HY?(Q) c 9(A/*™®),
e > 0, [6] we have
(1.6) AY4:Dp € L(L,(T) - L,(2)).

After setting H = L,(R); U= L,(T'); B=AY*"*D; Q = 3/4 + ¢, we can rewrite
(1.5) in differential form as
(17) y,(2) = -Ay(t) + ADu(t) = -Ay + A%Bu,

' y(0) =0 on 2(4*)".

Thus, (1.7) (a special case of (1.2)) can be interpreted as an abstract version of
(1.1.D).

**Without loss of generality we assume that the spectrum of —A lies in the left complex plane, hence
the fractional powers A2 are well defined.
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Neumann Case. To treat Neumann boundary conditions, we proceed in a similar

fashion. With -4y = Ay — y defined on
D() = (y € Ly(Q);8y € Ly(Q);0y/0m| = 0},
we associate the corresponding semigroup S(¢) and we define the “Neumann map”
N: L,(T') » L,(2) by Ng = v, where
(1.8) (A-1)v=0 onQ, —a—v =g onl.
on |p
Since [15] N € Z(HX(T) - HY*(Q)) = 9(4Y*) [6], with H=L,(R), U=
H~Y(T), we have
B=AY*NeZ(U- H).

The solution y of (1.1.N) can now be written as (e.g. [11])

{y,(t) = —Ay(t) + ANu(t) = -Ay(1) + A2Bu(1),
(1.9)
y(0) =0,

where Q = 3/4.

Thus, here again, (1.9) is an abstract version of the boundary problem (1.1.N). The
same procedure described above applies to an arbitrary elliptic operator (see Section
5). We are here justified in viewing (1.2) as an abstract model for an arbitrary
parabolic boundary value problem with nonhomogeneous boundary conditions,
after giving an appropriate meaning to the operators 4 and B.

For the abstract model we shall now define Galerkin approximations and we shall
establish the optimal rates of convergence of the approximate solutions. These
abstract results will then be applied to the original parabolic problem.

A brief description of our general setting for Galerkin approximations to model
(1.2) follows. We introduce a suitably chosen family of finite-dimensional approxi-
mating subspaces V, C D(B*4*?), as well as a sequence of finite-dimensional
operators 4,: V, — V, approximating (in the sense described later) the generator 4.

As Galerkin approximation of the abstract model (1.2) we then take:

Find y,(t) C V, such that

(9n(2),04) g = = (Apy(2),04) 5 + (u(2), B*4*0,),,
y,(0) =0 forallv, € V,.

By crucially using the analyticity of the original semigroup S(t), as well as the
uniform analyticity of the underlined Galerkin approximation S,(¢) = e“*, we shall
prove that Galerkin approximations to (1.2) yield the optimal rates of convergence
(optimal with respect to the maximal regularity of the solutions). The main tools
used at this stage are: (i) the theory of singular integrals combiged with interpolation
theory and (ii) estimates for initial value problems with “rough” data. The latter
follow from the above-mentioned uniform analyticity of S, (7).

We now specialize the above procedure to our two canonical examples. In the
Dirichlet case (1.1.D), we can take as space V, the space V)0 of linear splines
vanishing on the boundary I' and as approximation A, the standard Galerkin
approximation of 4. Thus, the version of (1.10) for the special case of Dirichlet data,
i.e., the Galerkin approximation of (1.7), will take the form

(1.11) (yh(t)’uh)Q = —(vyu(1),vv,) g — (u(r), D*4*v,)r, v, € V).

(1.10)
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Using D*4* = dv/dn| ([2], [12]), we see that (1.11) is equivalent to

/ . 0
(1.11)  (5(2),04) g = —(Vya(2),v0,) g - <“(t)’ ‘a‘;l‘vh> ) vy € V-
r
The convergence result obtained for the abstract model (1.10) will yield in this
Dirichlet case the following result:
With y (resp. y,) the solution to (1.1.D) (resp. (1.11")), we shall prove that

1,2
ly - yhlL,,IOT; Lyan < Ch / |“|Lp[or; Ly 1<p<oo,

(1.12) {

172 _
|y = yalL 07 Ly < CH2n hlule[OT; Loy P=100.

To treat Neumann boundary conditions, we can take for the approximating sub-
space V, the space of linear splines with no requirements of vanishing on the
boundary and for A4, the standard Galerkin approximation of 4. The version of the
Galerkin approximation (1.10) in the Neumann case will then be

(1.13) {(yh(t)’vh)ﬂ = —(vp(1),Vu,) g — (u(t), N*4%0,)r, v, €V,
y4(0) = 0.

Since N *4*v = v|, we have

’ (1), 0)r = = (Vyi(0),V0,) g = (u(t), 0,01, v, € V),
(1.13) {yh(o) —0.

With y (resp. y,) the solution to (1.1.N) (resp. (1.13")), we will prove the following
rates of convergence,

1/2
ly - yhlL,,[OT; L@y < ChY/ |“|L,[or; HD)p 1<p<oeo,

(1.14) {

ly - yhleIOT: Ly@) S Ch'/? 1nh|“|L,,[or; HYD))p P T 1, 0.

Remarks. 1. The convergence results with “rough” data obtained in (1.12) and
(1.14) are optimal. They reflect, in fact, the maximal regularity of the continuous
solutions, and they are of the same order as the “best approximation” to y(¢).

2. If one considers smoother boundary data, then one would expect to obtain
higher than Vi rates of convergence. In fact, for the Neumann problem this is
indeed the case. One can show that the algorithm (1.13"), when applied to smooth u,
will yield the optimal (with respect to the optimal regularity of the solutions y) rates
of convergence. In contrast, in the Dirichlet case, the algorithm (1.11) limits its
accuracy to v , no matter how smooth the boundary data “u” are. This is because
in the Dirichlet case the approximating elements are forced to approximate (in some
sense) the generator A4, hence they satisfy zero (or more generally nearly zero)
boundary conditions. This fact makes it impossible to achieve higher order of
accuracy (higher than V) for the approximations of the solutions to (1.1.D) with
nonhomogeneous boundary data.

The outline of the paper is as follows: Section 2 deals with the abstract model
(1.2) and provides the maximal regularity results for the original solutions. In
Section 3, Galerkin approximations of the abstract problem (1.2) are introduced and
the main abstract convergence results are formulated. Section 4 is devoted to the
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proofs of the results of Section 3. Section 5 deals with the application of the abstract
results to the parabolic problem (1.1), where it provides the optimal rates of
convergence for the approximation of (1.1), expressed in terms of L,(L,)-norms.

Notation. X' is the dual of X.

| llg>py=normin £(H - H).

llx]l, (-, ) are the norm and scalar product in L,(£2).

| |, {, ) are the norm and scalar product in L,(T’).

Il llss | - |5 are the norms in H*(Q) and H*(T'), respectively.

K(\) is the Fourier transform on K(t).

2. Abstract Parabolic Boundary Value Problem. Let A be the generator of an
analytic semigroup S(¢) on a Banach space H. It is well known (see [17]) that there
exist constants a, b > 0 and C > 0 such that for the resolvent set p(A) of 4 one has

p(4)> 2 ={A;ReX>a—bIm|A|}

and for all A € = the resolvent operator (A] — A)~! of A satisfies

(21) IROA, 4) g < C(L+IAD T,
or equivalently,
@.1) |AS() e < e 1> 0,553

Without loss of generality we may assume that a < 0, so 0 € p(A4), and fractional
powers A2, 0 € Q < 1, are well defined. We shall consider the following abstract
model:

22 5(0) =0,
where B € (U — H), with U another Banach space.

Remark. Since 2(A?B) (considered on H) may be empty, Eq. (2.2) should be
understood in a sense of (2(A*))-topology. Analyticity of the semigroup S(¢) will
guarantee that for any u € L,[07; U] there exists a solution y(¢) defined a.e. for
t € [0, T]. More precisely, let

L: L,[0T; U] - L,[0T; H]

{y‘(t) = —Ay(t) + A%Bu(1),

be defined as
(Lu)(t) = jo’ S(t — 7) A%Bu(r) dr.

Clearly, L is densely defined as H*[0T; U] € 2(L). Moreover, the following result
holds.

THEOREM 2.1. Let 0 < Q < 1. Then

(i) L € £(L[0T; U] - BMO[OT; 2(A*~2))),

(ii) L € Z(Ly[0T; U] - Li[0T; 2(4'~9)),'

(i) L € L(L,[0T;U] - L,[0T; (A7), p=1,00, > 0.

**¥( stands for a generic constant.
* For the definition of BMO (bounded mean oscillations) and L!, ( L,-weak) spaces we refer to [15], [8]
and [18].
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Interpolating between BMO[OT; 2(4'~9)] and L[0T; 2(A4'~2)] (see [18]) we
obtain

COROLLARY 2.2.

(2.3) Le2(L[0T;U] - L,[0T;9(4'79)]), 1<p<co.

Remark. The result stated in Corollary 2.2 was proved in [20] and [4] in the case
when H is a Hilbert space [4] or H is a reflexive Banach space [20]. Our proof,
although similar in spirit to [20] and [4], is, however, more general and technically
different. Also, elements of this proof will be used later in treating approximation
problems.

Proof of Theorem 2.1. In order to prove Theorem 2.1 we shall need some results
from the theory of singular integrals. For the convenience of the reader we shall state
them below.

THEOREM 2.3. (S. SPANNE-E. STEIN [22]). Let Tf = K * f where (K * f)(¢) =
2, K(t — 7)f(r)drand K € L (U — L,[R, HY)) satisfies the following properties:
There exists a constant M > 0 (independent of ||K || _, 1 (r, 1)) Such that

(24) IK(N)uly < Mluly, A=B,BER,
(2.5) j o KG =) = K()lunde <M Wy #0€R.
|x]>2]y|

Then T maps L*(R; U) into BMO(R; H), and the following inequality holds,

|Tf |Bmocr: 1y < CM| f |1=(R: 0),
where CM does not depend on || K ||y, 1 (r: i)-

Remark. Theorem 2.3 was originally proved in [21] under the assumption that
H = R". Analysis of the proof in [21] reveals, however, that the generalization of the
result to vector-valued functions represents no extra difficulties.

In order to apply Theorem 2.3 to our situation, we define

A[(AS(t)B, t>8
2.6 Ky(t) = ’ ’
(2:6) s(1) {0, by

It can be easily verified that for all u € L,[0T; U] and extended by zero outside
[0, T'], we have

A p+ _
(Tu)(0) = [ Ko(e=m)u(r)dr = [ AS(t = 7)Bu(r) dr
Cw 0
and
(2.7) Tau8—>0A“QLu in C[OT; H] for all u € H'[OT; U].
Also, for each 8 > 0, the kernel K(¢) € £(U — L,[R; H)). This follows from the
analyticity of the semigroup S(¢), which, in particular, implies that AS(¢): H - H

is bounded for all ¢ > 6, and from the fact that |4S(¢)x|,_, y < Ce™ for ¢ large,
w > 0 (since we assume without loss of generality that a in the definition of 2 is
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negative).'” Now we shall verify assumptions (2.4) and (2.5). As for (2.4), we have

N + . 00 .
Ry(Byu= [~ e ®Ky(t)udr =/8 e~B4S(¢) Budt.

From the analyticity of the semigroup, it follows that we can shift the path of
integration from the positive real axis to a ray te‘® starting at the origin. If 8 > 0 we
choose ¢ < 0 and obtain

Ks(B)u = —e®S(8)Bu + iBfw e "P'S(t)Budt
8
= _e-iﬂss(a)Bu + iﬁ/w e_iﬁtcow"'B'Si"'pS(te”’)Buei"’dt.
8

Hence,

8 sing

R +B
|Rs(B)uly < C|lulu+ B |lulu| < Clulv.
B

For B < 0 we choose the ray of integration with ¢ > 0 and obtain a similar estimate.
Therefore,

(2.8) |Ks(B) |y < M uniformly in 8 > 0.

Next, we shall show that (2.5) is verified for K;(¢). To this end, let us write with
y>0,

[0, 1K =) = Ka(X) e =
x|=2y

@ ([ 1AS(x=7) = AS() Blomds,  » >3,

L7 148G Blumndx + [ 1(4S(x = ») = AS(x)Bl ds,
8/2<y <8,
L[S Blomna + [ 1(4S(x =) - AS(x))BIIUﬂde,
<y<é6/2.

®

©)

As for the term (1), we shall use

0 o0
[710AS(x = y) = ASC)f lyndx < [ sup {4 —S('r)fdf dx
2y 2y feD(4?) x
[flu=1
[>¢] X =V
<[ suwp [ 4is(r)fdr| ax
2y feD(4?)'"x H
Ifln=1

¥¥Regularity of the map L clearly will not be affected by translating the spectrum of A4 to the left of the
complex plane.
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(by (2.1) applied with n = 2)

j; sup f —|f|Hdex f:

Y feD(4%)

[flu=1

The same line of arguments applies to the second integrals in the terms @) and (3).

As for the first integral in 2) and (), we simply use (2.1') with n = 1. Repeating
the same estimates with y < 0 yields

(2.9) foo |Ks(x —y) = Ks(x) | y— ydx < M uniformly in 8.

|x|=-2y

In view of Theorem 2.3, (2.8) and (2.9), we have

_1 dx < Cln2.

(2.10) | Tsu|smocr. 1y < Cl|pm(g. ) uniformly in 8.

(2.7), (2.10) and standard density argument yield

IA1 “%Lu |BMO(0.T: S Clu |L°°[0T: uy
which completes part (i) of Theorem 2.1.

As for part (ii), we shall use the Theorem of Schwartz, which can be stated as
follows:

THEOREM 2.4. [21). With Tf = K * f as in Theorem 2.3, assume that (2.4) is
satisfied. Moreover, assume that there exist a real number a > 1 and a constant
M < oo such that for all p > 0

M
(211) [ 1K ((x =) = K(px) e < -

|x|=a

for all |y| < 1/a.
Then T: L,[R;U) - L¥[R, H] and

M
(2.12) ITfILl*[R,H] < 7|f|L,[R,U]'

In view of (2.12), to prove part (ii) of Theorem 2.1, it is enough to verify (2.11)
with K;(t), where M should be independent on 8. To accomplish this, we shall use
Corollary 5 in [21]. According to this corollary the sufficient condition for (2.11) to
hold is

(2.17) f

|x|>ap

To check (2.11"), it suffices to write

I

x|zap

dx<ﬂ.

K X
8()U—>H ®

Ox

o]
®_/ | A%S(x)B|y—ndx, ap>8,
dx = an
v=r ®f°° [ 4°S(x)Blly— wdx, ap<38.
s

d
EKs(x)

To estimate (1) and @ we shall use analyticity of the semigroup S(¢). In fact,

C
Cf <; foranya > 1.

aux
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Similarly,

Cf iz —C-sg.

Thus, (2.11), and consequently (2.11), are satisfied. From Theorem 2.4 we now
obtain

(2.13) T3/ |esir.m < Clf | (ivy wniformly in & > 0.
Equation (2.13) together with (2.7) imply that
| 4'~2Lu

LT H) S Cl“ILl[or up

which completes the proof of part (ii) of Theorem 2.1. Proof of part (iii) is
straightforward. In fact,

(42 Lu)() | =UO AS(t = 1) Bu(r) dr|

(by (2.1’) applied with n = 1 — &)

t 1
[ —==drlul < Crlul
To (t—'r)l R L [oT:U) S Y TI*IL oT: UY

Similarly, for p = 1 we have
fT | A2 =2 Lu(¢) |y dt < CfT f’ ————1—1—_—|u('r)|ud'rdt
0 o’ (t—1)"°
(changing the order of integration)
j I = ————— dt|u(r)|ydr < Clul, or.or

The proof of Theorem 2.1 is thus completed. 0

3. Galerkin Approximation of an Abstract Boundary Value Problem. Let0 < h < 1,
h — 0 be a parameter of discretization. Let ¥V, C 2(B*4*?) be a family of finite-di-
mensional subspaces of H. We shall assume that the subspaces V, enjoy the
following approximation properties. There exists a constant m > 0 such that

(3.0) [x = Pox|y < Ch™x|p 4oy  O<a<l,

where P, stands for the orthogonal projection of H onto V),

(3.1) | B*4*2(1 - P)x|, < Ch™*~P|x|, o)
for some é <0,

(3.1) | B*4*2(I — P,)x|; < CA™ " Q|x| )y puey fOr@<a<l,
(3.2) | B*4*9V, |, < Ch~™@|v,|,, (inverse approximation property).
Remark. Since B € (U — H), properties (3.1) and (3.2) follow from

(3.17) (1 = P,)x|pasey < Ch™ =D x|pas),

(3.27) [vn]paney < Ch_m§|vh|y-
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In the special case when A represents a differential operator of order m and such
that for x € D(4) we have |x|p(4y ~ Ix||,,» then the properties (3.0), (3.1), (3.17)
and (3.2”) (with Q = Q) are the standard approximation requirements satisfied by
the spaces of splines defined on uniform meshes. Consequently, (3.0)-(3.2) with
O = Q are the weaker versions of the standard approximation properties, weaker in
the sense that (3.1”) and (3.2”) require a priori that V, C D(A*?), while (3.1) and
(3.2) require only that ¥, ¢ D(B*4*?). This fact will be crucially used in Section 5,
where our general theory is applied to a parabolic boundary value problem. As we
shall see, when working with linear splines, we shall have ¥, C D(B*4*?) but not in
D(A*9).

The generator A will be approximated by the sequence of finite-dimensional
operators A,: V, — V, satisfying the following properties:

(3.3) |(A'l - A;I)R,,x|H < Ch™|x|y (convergence);
with S, (7) = e,

8 G : .
(3.4) |A488,(1) |on < e 0 < B < 2, uniformly in A

(uniform analyticity).

We shall also assume that the properties (3.1)-(3.4) hold for 4*.
Remark. If A is a selfadjoint strongly elliptic operator of order m with ap-
propriate boundary conditions, then 4, defined by

(3.5) (Apyusxp) = Ay X))y Yy, x, € V, € D(A4?),

complies with the requirements (3.3), (3.4) (see [9]). Similarly, if A4 is coercive in the
norm of 2(A'?), which is the case in the parabolic situation, then A, defined by
(3.5) also satisfies (3.3) and (3.4).

An equivalent version of (3.4) is that there exist a, b > 0, C > 0 such that

(3.4) p(4,) 2= ={A;Red >a—bIm|A|}
and

[R(A, 4,)] < uniformly in h.

—c
(Al +1)

Let y(t) be the solution of (1.2). The approximate schemes we shall consider are as
follows: Find y,(¢) € V, such that

(j’h(T),Uh)H = _(Ahyh(t)’vh)ﬂ +(“(’), B*A*th)u
(3.6) for every v, € V,,
)’h(O) = 0.

Let e(t) = y(t) — y,(t). The following theorem gives the error estimates for the
error function e in the schemes defined above.

THEOREM 3.1. _
() lel Lrpor; i < Chmu_Q)'“'L_"[OT:U] forl <p < o,
(ii) le] rjor; y < Clln hh™ A= 4+ pmA=C* | i,y for p = 1, co.
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Remark. The convergence results obtained in Theorem 3.1 are optimal. In fact, in
view of the optimal regularity of the solution y, with u € L [0T; H], 1 < p < oo,
we have that y € L,[0T; D(A'~9)]. Thus, the estimate in part (i) essentially
reproduces the approximation property (3.0) (with a« = (1 — Q)). Similarly, for
p =1, 00 the maximal regularity of the solution is y € L,[0T; 2(A'~27¢)]. This
fact is reflected by the presence of the In 4 term in part (ii) of the theorem.

4. Proof of Theorem 3.1. In the proof of Theorem 3.1 the key role will be played in
the following “rough data” estimates.

THEOREM 4.1. ([9], [10]). Let A,, A} satisfy (3.3) and (3.4). Then

C
(4.1) IS4(2) Py = PoS(t) |l jro s < t_,ThmI’ 0</<1,
(4.2) [R(A, 4) = R(X, 4}) Pyllyyopy < Ch™  forall A € 3.

Theorem 4.1 implies the following
COROLLARY 4.1. ||AS(2) — A, S, (1) Pl = y < Ch™ /12
Proof. With x € D(A) we have

[4S(t) — 4,S,(1)P,] x =/Fe"'>\[R(>\,A) — R(A,4,)P,]xdA,
where T denotes the contour of . Hence, in view of (4.2),
| 4S(¢) = 4,S,(1) Py |-y < Ch™ [ eRNA[dA.
T

Straightforward evaluation of the last integral now yields the desired bound. O

Remark. In the special case when A represents a selfadjoint (resp. slightly
nonselfadjoint) second-order strongly elliptic operator, (4.1) in Theorem 4.1 was
proved in [3] (resp. [7] and [19] and [13]). In [9] this result was extended to a more
general case of analytic semigroups with “uniformly analytic” generator 4,. This is
the case, for example, for an arbitrary strongly elliptic operator where the bilinear
form (A, y,, x,) i is coercive in the D( A*/?)-topology.

We shall start by proving the “easy” part of Theorem 3.1, i.e., part (ii).

With L,: L,[0T; U] - L,[0T; U,] given by

(Lyu)(r) = [ $,(t = 7) P,(4%Bu(r)) dr,
0
we observe that (3.6) is equivalent to y,(¢) = (L,u)(¢). Thus,
(4.3) e(t) = (L — Ly)(u)(1).

By taking adjoints L* and L} to L and L, (with respect to L,[0T; U] — L,[0T; H]
topology) we obtain

(L)1) = [7 Bra%es*(r = 1) f(r) dr
and

(L3f)(1) = [TB*A*Qs:(T — 0)f,(r) dr.
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Notice that in view of duality, part (ii) of Theorem 3.1 is equivalent to the following
estimate

(4.4) |(L* = LyPyf) |, 0m 01
< Clin hhm@=9 4 pm@=C+9]| f| o py for p =1, c0.

We start by proving (4.4) with p = oo. To this end, let us write

(L* = LEP,f)(2) = e (1) + ex(2),
where

er(1) = B*A*e(I - p,,)f S*(r — 1)f(r) dr,

eX(t) = B*A*Qflr [P,S*(7 — 1) = S¥(r — t)P,] f(7) dr.

Consider first t < T — h*™,

ler() |y <|B*a%0(1 = P) [ §*(x = 1) /() dr

U

+

B*4*2(I - P,,)frhm S*(r — 1)f(r) dr

Applying to the first term (3.1’) with « = 1 — ¢, and (3.1) to the second term, yields
the further bounds

U

Ch—mth(l —g)

[T axa-0sx(r = 1) f(r) dn
t

H

+ Ch—mepm

fThZMA*S*('r —t)f(r)dr

H

(by analyticity of the semigroup S(z))

2m
< Chm(l—Q)h—mef’”' —11—_5 dr| f et m
t ('r - t)

= (T 1
+ChmO-D -
_/Hhm =D d1| f|r.i0m:m
Thus, for each ¢ such that t < T — h?>™ we have
(4.5) Iei"(t) IU < C[hm(l_a)lnh + hm(l_Q‘”)]lfle[or; H].

Similarly, for t > T — h*™ we have

ler()|y <| B0 = ) [" *(r = 1)/ (r) d

U
(by (3.1) applied witha = 1 — ¢)

< Ch—mth(l —&)

/,TA*I_‘S*(T —t)f(r)dr

4, m(-Q)py=me T L
(4.6) < Chma-9p fT—hz’" '(’Tj)_sdTlfle[OT: H)

< Ch™A=2%9)| |, (o7 m).

H
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Thus, (4.5) and (4.6) give
(4.7) et | om0 < LA™ =DMk + hm0=249]| £|, o7, .
Similar analysis applies to the term e¥(¢). In fact, by (3.2) we have

lex(1) ]y < Ch_"'éftr |PuS*(7 = 1) = SF(7 = 1) |y d 7l flsor: m.
Thus, fort < T — h™,

|ef(t)|u < Ch—m@ jt’t+h hm(l—e)# + /:h'" h"‘Td_Tt |flL.,

where in the first integral we have applied (4.1) with / = 1 — ¢ and in the second
with / = 1. Hence, fort < T — h™,

(4.8) lex(1)]y < CR™ =D k| f |1 o7 m.
For ¢t > T — h™, we obtain similarly as before
(4.9) lex(8) ]|y < Ch™ 2| f |1 o7 1.

(4.8), (4.9), and (4.7) together yield
(4.10)  |ef(1) +ef(1)]y < C[AmI =Dk + kmA=C*O]| f]1_tor. m,

which completes the proof of (4.4) for p = co. Now, we consider case p = 1:
[Tlet())ydr< [T [ |Ba*e(1 - P,)S*(x = 1)f (1) | didr
0 o Yo
< [M [ |Braxe(1 - P)S*(r = 1) (r) | drdr
o o

ATy
h2m 0 T— h2m

< Ch—mQ+"'<1—f>j"2"' [ 1a5=8%(r = 0)f(r) |yt dr
0 0

B*A*Q(I — P,)S*(t — t)f(7)]|,dtdr
(4.11)

+cpmeem [T f"”z"' | A% =55 (7 = 1) f (1) |t dr
h 0

2m
+cnmermazo [T [T | geioer(s = 1)f(x)|ydrdr,
T—h""

h2m

where in the last inequality (4.11) we have used (3.1") applied with @ = 1 — ¢ to the
first and third integral, and (3.1) to the second. From the analyticity of S*(¢) it now
follows that

fT lef(t)|,dt
0

m(l — —me h2m
< aumopeme 1 [0 e () e
(4.12)
dt
j;., thm#)l—slf(T)lﬂdT
+Chm1-9 r—him _dt )\ d-.

h2m
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Hence,

@13) [T ep(0)|yde < C[Rm DIk + A7 0] | £, or. .
0

To show that the estimate (4.13) also holds for e¥(¢), we follow the same line of
arguments as before. The only difference now is that instead of using (3.1') we use
(3.2) combined with (4.1), applied with / =1 — ¢ and / = 1 (see also the proof of
(4.9)). The proof of (4.4) is thus completed.

Proceeding with the proof of Theorem 3.1 we shall now prove part (i). To
accomplish this we shall need the following dual formulations of the assumptions
(3.1) and (3.2).

COROLLARY 4.2. (i) |A7}(I — P})A%Bul|; < Ch™0~ Dy,
(ii) | P, A%Bu| ; < Ch~"9\u],,.

To continue with the proof of our Theorem 3.1 we write
e(t) = (L= L)u(t) = [* (S(: = 7) = 5,(1 = 7)) Py(4%Bu(r)) dr
D=e(n)
+/0’ AS(t —1)A™(I - P,)(A4%Bu)() dr.
@=e(1)

To estimate the term e,(¢), we use Corollary 2.2 with Q = 1 and B = I. This yields
le2 () |z 07 11 < Cr{ AT = P,) A%BulL o7,

(by Corollary 4.2(i))

(4.15) < Crh™ D] 4=24%Bu|, (o7, 1y < Crh™ = Dlul, o7 oy

(4.14)

Thus, in order to complete the proof, it is enough to show that the same estimate
holds for e,(t) = (E,u)(t), where we introduced the notation

(4.16) (E,u)(1) = fO’ [8(t—1) - S,(t — 7)] P,[ 49Bu(7)] dr.
We shall prove
LEMMA 4.3.

| Eyttlsmoror; m < Crh™ @l eior

LEMMA 44.
| Ejttl Ly o7 11y < Crh™ =@y lpor:ur
Once Lemmas 4.3 and 4.4 are proved, the result of part (i) of Theorem 3.1 follows

immediately by interpolating the results of Lemmas 4.3 and 4.4 (see [18]). In fact, we
obtain

lEh“IL or:m < Cr,p hm =2 u |L"[OT HY
which together with (4.15) and (4.14) gives

le(2)], LOT; H) S <Cr, R Q)|“|L 0T H p#1,00.
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Thus, to complete the proof of the theorem, it is enough to establish the validity of
Lemmas 4.3 and 4.4.
Proof of Lemma 4.3. We apply Theorem 2.3 with

Ky(1) = { [$(5) = Su (D] Pi[4°Bu], 120,
0, t<0.
Clearly, for h > 0, K, € (U - L,[0T; H]), and with u € L,[0T; U] and u(t) = 0,
t < 0, we have

(Equ)(t) = Ky» u.

In order to apply Theorem 2.3 we need to verify that (2.4) and (2.5) are valid. To see
this, let us compute

Kh(")“ = [R(A’ A) = R(A, Ah)]Ph(AQBu)
= [R(X, 4) — R(A, 4,) P, P,(A%Bu).
Hence,
|Ky(N)uly <|R(X, A) = R(X, 4,) Pyl y- 1| P,(A9Bu) |,
by (4.2)
< Ch™| P,(A%Bu)|,
(by part (ii) of Corollary 4.2)
< Ch™ =)y,
Thus,
(4.17) |Ry(A) |yan < CR7O-O),
Next, we establish the validity of (2.5). In fact,
Ky(x = y)u— K(x)u=[S(x-y) - 8(x)] P, (A%Bu)
—(Sp(x—y) - Sy(x)) P,(49Bu)
(by the semigroup property)
=/:_'VAS(T)P,,(AQBu)dT—Lx"vAhsh(f)Ph(AQBu)df

- j:_'v[As(f) — 4,S,(7)|P,(A%Bu) dr.

Thus, in view of Corollary 4.1 we have

x=y 1
|Ki(x = y)u = K(x)@) |y < €[ = drh™P,(4°Bu)
(by Corollary 4.2(ii))
1 _ l m(1-0)
(4.18) < 7=~ 3] 2lule.

Therefore (with y > 0),

[ 1K(x=y) = K(x) [y~ ndx < Chm0-0 [© ( L _l)dx
(4.19) “Ix>21v =2y \ X~ Y X

< Chm1-D1p2.
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The same argument gives an estimate for y < 0. Thus, (4.17), (4.19) and Theorem
2.3 yield

| K * u|mopor: iy < Crh™? ) |ulL°°[0T:U]’

which completes the proof of Lemma 4.3. O

Proof of Lemma 4.4. The proof of this lemma relies on the application of
Schwartz’s Theorem 2.4. All we need to check is the validity of (2.11), with K,(¢)
defined as above. The computations, in fact, are also very similar to those before. Set
a = 2 in Theorem 2.4. Then, as in (4.18),

ChM(l—Q)
®

1 1

X—-y x

[ Kn(p(x = y)) = Kyp(px) [yon <

(first with x > 0)

‘(xl?Z 1K (n(x = y)) = Kn(px) |y dx

(4.20) = j;o IK4(p(x = »)) = Kp(px) |y g dx

gf.hm(l—é)fw[ ]dx £ pma- Q’lné.
® 2 X = )’

Similar computations apply to the case x < 0. Thus, (4.20) and Theorem 3.2 imply
that

1Ky * ullziors my < CR™ =D\ | Lo 01

which is precisely the statement of Lemma 4.4. O
The proof of Theorem 3.1 is now completed.

5. Applications to Parabolic Boundary Value Problems. The purpose of this section
is to show how the abstract approximation result formulated in Theorem 3.1 can be
applied to yield the optimal rate of convergence of Galerkin approximation to
parabolic problems with “rough” (ie., L,(L,)) Dirichlet boundary data. To begin
with, let £ be a bounded domain in R” with a smooth boundary I'. Let A(x,d)
denote a uniformly strongly elliptic operator

ax)f= % (a0l |+ Dol + avo),

where
n n n
)y Zaij(x)£i£j>azgizv a>0,
i=1 j=1 i=1

for all x € Q, and all coefficients are assumed to be in C®({). Consider the
following parabolic equation:

WD g(x,0)p(x0),

G0 y0) =
y|r=ueLp[OT;L2(I‘)], 1<p< .
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In order to express the solution of the parabolic problem (5.1) as a singular integral
(as in Section 3), we introduce an operator 4: L,(2) —» L,({) defined by

—Ay=A(x,9)y, ye€2(A),
where
2(A4) = {y € L,(Q); Ay € L,(2); y|1 = 0}.
It is well known that —A4 generates an analytic semigroup S(¢) on L,(£). Let us now
define the “Dirichlet” map D: L,(I') — L,(£), where

A(x,0) Dg =
(52) { (x.2) Dg = 0,
Dg|r=0.
It is well known [14] that
(5.3) D: H(T') > H**/2(Q) is bounded for all real s.

An abstract version of (5.1) can now be expressed by the following formula (see [2],

[11]):
(5.4) y(t) =fO'AS(t — 1) Du(r) dr.

Knowing that
2(A%)=H>*(Q), 0<a<1/4, [6],
we have
D: D € Z(L,(T) > 2(A4Y47¢)) foreverye > 0.
Therefore, (5.4) can be rewritten equivalently as
(5.5) (1) =f0‘A3/4-fs(t — 1) AY4~* Du(7) d-.

Thus, we are now exactly in the situation described in Section 1, with H = L,(),
U= L,(T), B=AY*"D e L(Ly(T) > L,(R)],Q=3/4+eand m = 2.

In order to formulate an approximating scheme for (5.1) (or equlvalently (5.5)), we
introduce finite-dimensional subspaces V,, C 2(D*A4*).

Since

DM = ol (see[2], [12)),
N4

clearly H3/2*¢(Q) C 9(D*4*).

Remark. Linear splines, although they are not in H3/2*5(Q), still belong to
2(D*A*). This fact will be used in the sequel.

Using the identifications [6]

2(A2) =2(4*9) = H?(Q), 0<Q<23/4,
2(4) = 2(4*) = Hy(2) N H* (),
and
]xID(A,,) Cllxllm forx € D(A"),

one can easily check that (3.0)—(3.2) with O = Q are equivalent to the well-known
approximation properties of spaces of linear (and higher-order) splines defined on
uniform meshes.
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As an approximation A4, of A we take an arbitrary operator 4,: V), = V, such
that

[(47 = 43'R,) x| < cr?llx].,

(5.6)
[t < cla?,].  0<p<1/2,
and
(5.7) |(Ahuhvvh)|<C”uhnlnvhlll’ (Ahuh’uh) Y"uhnl

It was shown in [9] and [7] that most of the well-known approximations 4, to elliptic
problems comply with (5.6) and (5.7). For instance, the standard Galerkin method,
where

(5.8) (Apup,vp) = (A(x,8)uy,v,) Vuy,v0, €V,
satisfies all the desired properties (5.6) and (5.7). Also, Babugka’s method [1] and
Nitsche’s method [16] of approximating A4, (which, in fact, do not require subspaces
V, to satisfy zero boundary conditions) can be used.

It was also shown in [9] that with A4, satisfying (5.6) and (5.7), the corresponding
semigroup S,(t) is uniformly analytic, ie.,

| 48s,(¢)x,4]| < |x,, | uniformly in A.
Consequently, the following “rough” data estimates hold [9]:
(5.9) I(s4(2) P, = P,S(2))x] < Th“ﬂxll 0<i<1,

(5.10) I(R(X, 4,)P, — R(A, A))x| < Ch|x|, Ae€Z.

Remark. Estimates (5.9) were also proved in [7], [19], and [13] for the case where
a;; = a;;(x) in the definition of 4(x, ).

Thus, we are exactly in the situation described in Section 3, where approximation
assumptions (3.3) and (3.4) were satisfied with m = 2. The algorithm for computing
the approximation of y takes the form:

Findy,(t) € V, such that

(5 11) (j’h(t)’vh)ﬂ = _(Ahyh(t)’vh)ﬂ + <u(t)’D*A*vh>I"
’ y,(0) =0, alv, eV,
Noticing that (see [12], [2])
9
*y = —
(5.12) D*4*y Ll

where 8/9m, = a,;(x)n;(x)3/3x; and n; are the components of the outward unit
vector normal to the boundary I', we can rewrite (5.11) as

(511)  (3a(1),04) o= = (Apya(1),04) g + <“(’), an%""> , y(0) =

Remark. If one takes for A, a standard Galerkin approximation (see (5.8)) then
(5.11") becomes

(340 00)a = = (40230 0)a + (4(0), gyzon) a7,
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Remark. One should note that (5.11) does not require the elements of V), to be
conformal (as long as A4, is appropriately defined on nonconformal subspaces).

Applying the result of Theorem 3.1 to our scheme (5.11), and taking O = Q in
(3.1) and (3.2), yields the following error estimates,

(5.13) le(t) |L 7: Ly@) < Crh 2= l“IL,,[or; Ly(T)p 1<p<oo,

with e(t) = y(t) — y,(¢), where y(t) (resp. y,()) is the solution of (5.1) (resp.
(5.11)). Note that the error estimates (5.13) are nonoptimal (modulo 4¢). In fact,
parabolic theory provides us with the following regularity results

y e L,[0T; H2(Q)], 1<p<oo,

(5.14) {for u € L,[0T; L,(T)] we have € L[oT; BV ()], p=1,0.
Therefore, the optimal rate of convergence for e(¢) should be O(h'/?) for1 < p < co.
The nonoptimality of the estimate (5.13) is the result of a nonoptimal identification
of B with A/4~¢D (we cannot take ¢ = 0!). On the other hand, it is known that
R(D) c HY*(Q) (but not in D(A/*)!). We will be able to improve the estimate
(5.13), by imposing slightly stronger requirements on approximation properties of
V,. More precisely we have the following result.

THEOREM 5.1. Let V,, € HY(Q) be such that

(a) lv—Pol, < Ch**|vflay, 0<a<2,0<s<l,a—s>0,
(b) [V (P = v)|< CH|u|,

(5.15) v
© | &< n i),

@™ V(P —v)|< Chv]@arsa2,  O0<a<1/2.

Let y(y,) be the solution of (5.1) ((5.11)). Then, with e(t) = y(t) — y,(t), we have
) le 1, or: Lyan < CH2Ju | jor: ,myp 1 <P < 00,
(WD) 1)1, o7 Loy < CHV2 10 Rl 1 o7 1oy P = 1, 0.

Remarks. 1. In view of the regularity of the solution y(1) € L,[0T; H'/*(2)] for
boundary data u € L,[0T; L,(T')], as described by u(t) (5.14), we deduce that the
results of Theorem 5.1 are optimal, indeed they reproduce the approximation
property (5.15)(a) witha = 1/2 and s = 0.

2. Spaces which comply with (5.15) are, for example, linear (or higher-order)
splines defined on uniform meshes (see also [16]).

The proof of Theorem 5.1 follows immediately from Theorem 3.1 after taking
Q =3/4, Q =3/4 + ¢ and making use of assumptions (b), (c) and (d). In fact,
(5.15)(b), (c), (d) readily imply that

(t) | D*A* (R = v)|r < CH?|vl2 < CH?|v|p 4u, for v € D(A*)

I ¥, € HY2+%(Q), then (5.15)(d) follows automatically from the Trace Theorem and (5.15) (a), (b).
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and
(c") |D*4*|r < Ch=>2|[v, ],
(d) | D*A*(Ry — v)|r < Ch*|vl@as3+e O<a<1/2.

Thus, assumptions (3.1), (3.2), and (3.1’) are satisfied with Q = 3/4, 0 = 3 /4 + «.

6. Concluding Remarks. The same technique can be used to approximate para-
bolic equations with different types of boundary conditions. For instance, in
the case of Neumann boundary conditions we simply replace the operator D by
N € #(L,(T') > H*?(Q)), where N is an appropriate “Neumann” extension. In
this case the optimal rate of convergence is @(h3/?), which reflects the optimal
regularity of the solution. In order to obtain the convergence results for the
Neumann problem with H-}(T) boundary data (see (1.14)), we simply invoke
Theorem 3.1 with Q = Q = 3/4, which gives us immediately the error estimates
(1.14).
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